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^ . abstract 

a^ 

Tliis is an extension of quantum spinor construction of Uq{gl{n)). We define 
1^ I quantum affine Clifford algebras based on the tensor category and the solutions of 
CN I q-KZ equations, and construct quantum spinor representations of Uq{b{N)). 

I. Introduction. 



CN ■ For affine Lie algebras, we have quadratic constructions of representations with 

O 
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Q\ . tions[FF] [KP]. One question is that if we can extend those constructions to the 



> 
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Clifford, Weyl or Heisenberg algebras, which are spinor or oscillator representa- 



cases for quantum groups, a q-deformation of universal enveloping algebras of Kac- 



O^. Moody algebras discovered by Drinfeld [Dl] and Jimbo [Jl]. Lusztig [L] showed 



the existence of such a q-deformation of the category of highest weight representa- 
tions of Kac-Moody algebras for generic parameter q. There also appeared many 
constructions of representations [B], [FJ], [H], [J2], etc. 

In [DF2] [Di] , we proposed an invariant approach to deform explicitly those clas- 
sical quadratic constructions with a q-analogue of matrix realization of classical Lie 
algebras. We managed to use such an approach to define quantum Clifford and Weyl 
algebras and quantum affine Clifford algebras using general representation theory of 
quantum groups and solutions of q-kz equations [DO]. We showed that the explicit 
formulas for quantum Clifford and Weyl algebras match the ones actively studied 
in physics literature. Using those quantum algebras, we constructed spinor and 
oscillator representations of quantum groups of classical types and spinor represen- 
tations of Uq{Ql{n)). Representation theory allows us to justify that the quadratic 
elements in quantum Clifford and Weyl algebras and quantum affine Clifford al- 
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Serre's relations for quantum groups is not necessary. The key idea consists of re- 
formulating familiar classical constructions entirely in terms of the tensor category 
of highest weight representations and using Lusztig's result on q-deformation of 
this category and solutions of q-kz equations to define the corresponding quantum 
structures. In the quantum case, the quasitriangular structure of the tensor cat- 
egory introduced by Drinfeld [D3] plays the fundamental role. We would like to 
stress the central role of the universal Casimir operator and its inverse implied by 
the quantum structure [Di]. 

In this paper, we extend the idea in [Di] to the cases of the spinor representations 
of quantum affine groups Uq{d{N)), which is simpler than that in [Di] due to the 
structure of the corresponding modules. From what we have obtained, it is con- 
vincing that we can deform all the constructions given in [FF] as straightforward 
extensions of our constructions. 

[DI] [Jl] Quantum group for Uqio) is defined as an associative algebra generated 
by Gi, fi and tj, i = 0,1.., n, where i corresponds to the index of the nodes of 
the Cartan matrix (see Definition 1.1 in Section 1). This algebra has a noncocom- 
mutative Hopf algebra structure with comultiplication A, antipode S and counit 
e. [G] The affine Kac-Moody algebra q associated to a simple Lie algebra q ad- 
mits a natural realization as a central extension of the corresponding loop algebra 
(8) C[t, t~^]. Faddeev, Reshetikhin and Takhtajan [FRT2] extended their realiza- 
tion of Uq{Q) to the quantum loop algebra Uq{Q (8) [t,t~^]) via a canonical solution 
of the Yang-Baxter equation depending on a parameter z & C The first realization 
of the quantum affine algebra Uq{g) and its special degeneration called the Yangian 
were obtained by Drinfeld [D2] . Later Reshetikhin and Semenov-Tian-Shansky [RS] 
incorporated the central extension in the previous construction of [FRTl] to obtain 
another realization of the quantum affine algebra Uq{Q). 

There is an automorphism Dg of Uq{g) defined as Dg{eo) = zcq, Dg{fo) = z~^fo, 
and Dz fixes all other generators, where Co and /o are generators corresponding to 

„ ]„ „f i.;„ ™ „i„„ J„f; ™ A / r> ^ 
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id)A{a) and A'^(a) = {D^ ®id)A'{a), where a e Uq{g) and A' denotes the opposite 
comultiphcation. Let d be an operator such that d commutes with all other elements 
but has the relations [d, cq] = eo, [d, fo] = — /q. It is clear that the action of is 
equivalent to the conjugation by z*^. For the algebra generated by Uq{g) and the 
operator d which we denote by Uq{Q), from the theory of Drinfeld[D2] , we know 
that it has a universal R- matrix ^ in U^{g)<SiU~ (g) such that ^ satisfies the 
properties: 

^A(a) = A°P(a)^, 

(1.1) (A®id)(^)=^13^23, 

(id® A)(^) = ^13^12, 

where a e Uq{Q), A°^ denotes the opposite comultiphcation, = J2i ai<8)fci<8)l = 
^(8)1, = J2i ai(S>l<S>bi, ^23 = J2i l<8)ai(8)6j = 1®^. Here ?7+(0) is the subalgebra 
generated by e^, ti and d and f/g~(0) is the subalgebra generated by fi, U and d. 

Let ^(2;) = {Dg®id)^. Let C be the central element corresponding to the central 
extension of the quantum affine algebra. Let ^{z)=q~'^®^~^®'^^{z), then we have 
^{z) e Uq{b+)®Uq{b-) ® C[[z\], such that 

in(2)A,(a) = {D-^,®D-^^)A',{amz), 

(A (8) /)^(z) = ^13(^9^^)1^23 (-2), 

(1.2) (/ ® A)^{z) = 9^i3(-sg-^^)^i2(-s), 

^12 (-2)^13 (-29^V«^)^23(«;) = %3(«^)^13(-Sg"^V«^)^12(-s)- 

Here Ci = C (8) 1, C2 = 1 (g) C, C/q(b+) is the subalgebra generated by ej,tj and 
t/q(b~) is the subalgebra generated by fi^ti. 
Let e = ((L>-c\ ® D-^^)^2i)^. Then 
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We note that {q'-^^ ® q^^) is invariant under the permutation. This shows that 
the action of € = {{D~c^ (g) D~ci)3^2i)9^ on a tensor product of two modules is 
an intertwiner which, however, shifts the actions of cq and /o by the constants 
g,T2C2 gT2Ci respectively. We should also notice that ® Dz acts invariantly on 
Dl. Let 9^21 (-2) = (Dz 1)^21- Note that ^21 (-2) is not equal to P{D\{z)), where P 
is the permutation operator. 

Let y be a finite dimensional representation of Uq{Q). Let L~^{z) = {id (g) 
7rv){^2i{z)), L-~\z) = {id®nv)^{z-^), Q+{z) = {nv®id){^-^{z)), £-~\z) = 
{ttv id)y{2i{z~^)- We know that L-~\z)P2-~\z-'^) = 1, where P is the per- 
mutation operator. 

Uq{g) as an algebra is generated by operator entries of L~^{z) and L~ (z), and 
it is also generated by operator entries of £>'^{z) and £~ ^{z)- L'^iz) are used in 
[FR] to obtained q-KZ equation. However, L'^iz) and -2^(2;) are basically the same. 

Let 

Liz) = iid^7rv)iil0Dj)m2iiz))miz-^), 
(D^ (8) l)L{z) = L = (id 7Tv)iil Dj)m2i)m, 
£(^) = (Try ® id){{DgC l)m-\z))D\^l{z-^), 
(1 ® D^)2{z) = £ = (Try (8) ici)((l (8) L»gc)lH-^)9^2i^. 

Then 

Ri-)Slf{z)-'2t{w)-' = £±(^)-i£±(^)-i^(-), 

(1-4) -c c 

R{^)Zt{z)-'St^{w)-' = Z^{w)-'Zt{z)-'R{^). 

2iiz)R{zq-^^/w)22iw)R(z/w)-^ = R{z/w)Sl2{w)R{zq^^ /w)-^ 2.i{z), 

Sl{z){id^7Tv)A{a) = {D^^c ® l/^{a))Z{z), 

Here R{z/w) is the image of ^{z/w) onV ®V. 

We name L{z) and £(2) universal Casimir operator and inverse universal Casimir 
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The construction of a representation Ugio) is equivalent to finding a specific 
reafization of the operator L{z) or £>{z), which plays the same role as L in the case 
of Uq{g) in [DF2]. Naturally we would like to find a way to build this L{z) or £,{z) 
out of the intertwiners, just as in the case of spinor and oscillator representations 
of the quantum groups of types A, B, C and D in [DF2]. For this paper, we will 
only use £(2;). 

Let Vx,k and Vx-^^k be two highest weight representations of Uq{g) with highest 
weight A and Ai and the center C acting as a multiplication by a number k. Let $ 
be an intertwiner: $ : Vxi.fc — V (8) Vx.A;, ^{x) = ^>i(a;) + ... + £■„ (g) ^n{x), 
where x e ^Ai,fe and {Ei} is the basis for V. Let be an intertwiner: : 
Vx,k — V ® Vx^,k, = El ® ^l{x) + ... + -E; ® $;(a;), where *V is the right 

dual representation of V of Uqio)-, x e Vx,k and E* is the basis for *V. By the 
right dual representation of V of Uq{g), we mean the action of Uq{Q) on the dual 
space given by < av',v >=< v',S~^{a)v >, for a e Uq{Q), v and v' G *F. 
(1 $)$* = (g) Ei gives a map $ : Vx,k — V ®V ® Vx,k- 

Let us identify *V ®V with End(F) by the map which maps the first two 
components oi V ®* V ®V io and fix the last component. Let £ G End(V)(8) 
End(VA,A;) be: £ = (£„) = ((£)q2fc$j)$|), where {Dqik^i) means shifting the 
evaluation representation by constant q^^ and we assume £ is well defined. Then 

(L5) £A(a) = ((Dq2fc ® l)A(a))£. 

The key idea is to identify L with L or £ with £ to obtain representations out 
of intertwiners, which is how we obtained the spinor representations for t/q(g[(n)) 
[Di]. 

This paper is arranged as follows. We prepare the basic results about two point 
correlation functions based on the solutions of q-KZ equations [DvO] in Section 1. 
Then in Section 2, we will present the commutation relations of the intertwiners, 
identify them as quantum affine Clifford algebras, and finally derive spinor repre- 
sentations. We will also discuss its connection with other problems. 



In this section, we will give the results on the two point functions of type II 
intertwiners, which basically come from the results of Davies and Okado [DvO] 
about the explicit solutions of q-KZ equations of the quantum groups of Bn^ and 
Dn \ We will follow the notations in [DvO]. 

Let f)*, Ai,hi = a]i,ai,S — ^i^QdiOa and d be the standard notations in [K]. 
The dual Coxeter number is defined as /i^ = Yl7=o^i^ where = except for 
al = a„/2, so that we have = 2n - I for B^n^ and 2n - 2 for D^n \ The 
invariant bilinear form ( | ) in [K] is normalized so that {9\6) = 2, where 6 = 5 — a^. 
We put p = Yll=o^i- For A e ^* A denotes the orthogonal projection of A on 
where ^* is the linear span of the classical roots cti, • • • , an- We introduce an 
orthonormal basis {ei, • • • , e„} of by which ojj, Aj, p are represented below. 
(1.1) 

ai = ei- Si+i {I <i <n-l), 

= en (z = nforSW), 

= Sn-i + e„ {i = n for -D^^^), 

Ai^ei + --- + €i (1 < i < n - 1 for B^^\ 1 < z < n - 2 for D^^^), 



ei + ■ ■ ■ + Sn-l — Cn 

2 

ei + • • • + Cn-l + Cn 



(i = n-lfor L>«), 

{i = n), 
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2p = (2n - l)ei + (2n - 3)e2 + • • • + Se^-i + e„ ( for B^^^), 

= (2n - 2)ei + (2?i - 4)e2 + ■ ■ ■ + 2e„_i ( for L*^^)). 
Definition 1.1. The quantum affine algebra Uq{Q) is defined as the Q{q) -algebra 
with 1 generated by e^, fi,ti{i = 0, ■ ■ ■ ,n),q'^ satisfying 

[t,t']=0 for t,t' e {to,-- - ,tn,q'^}, 

f.p .+-1 — /j(ai|aj)p . +. — /y-(a»|aj) f. 



(1.2) 



q'^ejq-'' = q'^'^ej, q'^f^q-'' = g"^^"/,, 
[ei, fj] = Sij{ti - t-^)/{qi - q-^), 

fc=0 k=0 
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Qi')AkV- = nLiM^,ef = ef/[fc],!,/f^ = We denote by U,{g) the 

subalgebra ofUq{Q) generated by the elements ei,fi,ti (i = 0, - ■ ■ ,n). Let Xi be any 
of Ci, fi,ti. The coproduct A and the antipode a are defined as follows. 



A{ei) = ® 1 + ei, A(/i) = fi® t'^ + 1 ® /i, 

A{ti) = ti^ti, A(g'') = g^®g^ 

a{ei) = -t~^ei, a{fi) = -fiti, a{ti) = t~^, a{q'^) = q 



For a representation (tt, y) of Uq{g), we put Vg = V<SiQ{q)[z, z '^], and lift 
TT to a representation (tt^, 14) of Uq{g) as follows: 7rg{ei){v z'^) = 7r(ej)v (8) 
z''+^'°,7Tg{fi){v ® = 7^(/^)^; ® z''-^'^ ,7rg{ti){v ® z"") = 7r{ti)v ® z"" ,7rg{q'^){v ® 
z^) = V <S> (qz)'^. Define an index set J by J = {0, ±1, • • • , ±n}, for q = Bn^; 
= {±1, • • • , ±n}, for = Dn \ and set A?" = | J|. We introduce a linear order -< 
in J by 1 -< 2 -< • • • -< n (-< 0) -< — n -<■■■-< —2 -< —1. We shall also use the usual 
order < in J. 

We shall define the vector representation {tt^^\ V^^^) of Uq{Q). It is the funda- 
mental representation associated with the first node in the Dynkin diagram. The 
base vectors of V^^^ are given by {vj | j G J}. The weight of Vj is given by ej {j > 0), 
—e-j{j < 0), {j — 0). We take vi as a reference vector. Set s — (— for g = Bn\ 
and s = for Q = D^n\ 



read as follows {^v^^\f^) = n^^\eiY): 

7r(')(eo) =s(^_i,2-S-2,i), 
jeJ 

TT^i) (eO = Ei,,+^ - E_i_i,_i (1 < i < n - 1), 





= ^ ^ ^<5ji-<5j,< + l+5j,-i-l-5j,-i^^_ 


(1 < z < n- 


1), 


7rW(e„) 


= •\/[2]n(-E'nO — -E'o,-n) 


for = 






— -E'n— 1,— n -E'n,— n+1 


for = 








for g = 


^(1) 






for = 


^(1) 











Let {t;* I j G J} be the canonical dual basis of {f j \ j E J}. Then we have the 
following isomorphism of [/q(g)-modules. 

Here j is defined by j = j, if j > 0; or n, if j = 0; or j + A'^, if j < 0. 
We also define a matrix R^^'^\z) on V^^^ (g) F^^^ as: 

=J2Eii^ + ^^^^ E E,, ® E^j 

(1-3) +r^( E +^ E )E^,®E^ 



Here 



aij{z) = (g2 - ^z){l -z) + Sio{l - q){q + z){l - ^z), {i = j); 
(1.4) = (1 - q^W-\z - 1) + - Cz)), {i -< j); 

= (1 - q^)z{^q'-\z - 1) + - ^z)), {i >- j). 

Let V{Ai) be the irreducible highest weight module with highest weight A^. Let 

I A \ u„ „ i- .i- — fir \ \ \-\T„ — 1,, „ ;J — 1 1 i ™„J,,1 — „ 
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z = 0, 1, n (and n — 1 for g = Dn ^). Let A, n stand for level 1 weights. We define 
intertwiners as the the following: 

^f''\z): V{X)^V{i,)®Vj'\ 

We call them type I and type II respectively depending on the location of V^^"* . 
For the vector representation V^^^ we fix the normalisations as follows: 

$X!''^°(^)|Ai) =vi^ |Ao) + • • • for = 

(1.5) 

$Xr'^"(^)|An) = a-\o ® I An) + • • • for S = 

where 

^ll'^^' (0 = B^n\D^2^) and ^X^'_^f", ^1^'^""' = ^"^) normalised using 
Dynkin diagram automorphisms. 

As explained in [FF], it is necessary to shift the grading by 1/2, in order to write 
down simple commutation relations between those operators. We will assume that 
^A*^ '^^'^(2;), for jji = Ao,i, is shifted by z^^/"^ respectively, we normalize them such 
that 

(1.6) $X!''^"(^)|Ai) = z-''\^ ® |Ao) + • • • , 

$Xr^H^)|Ao) = ^'/'^-i®|Ai) + ---. 

With the nomalization, from now on, we will will use ^J^^'''^, instead of ^J^^'^'^ 
to denote those operators. 

Let {v\<^''^'^ {z2)^^^ {zi)\X) be the expectation value of the following composi- 
tion of the intertwiners 

Recalling the isomorphism we define 
(1.8) <^"^)*""(.) = (cW®i^)-<"(^e^^). 
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Theorem 1.1. [DvO] [O] For any possible combination of weights (A, ^) from Aq, 
(1.9) 

where 



(1.10) p{z) = z- 



(^; e)oo{q-^ez-. e)oo{^z-\e)oo{q-^^z-\e)oo ' 

and P is the permutation operator. 

The equality of the commutation relations in the theorem is valid on the level of 
the correlation functions. 

2. Spinor representations for B^^ and d'^P . 

In [Di], we presented a construction of spinor representations of Uq{Ql{n)). We 
will construct spinor representations in a completely parallel way for Uq{b{n)), 
which is a quantization of corresponding classical constructions in [FF]. We will 
identify the type II intertwiners as generators of quantum afSne Clifford algebras 
and construct the inverse universal Casimir operators. 

In this section, we will assume that \q\ < 1. 

Let A be V{An) for the case of S^^^ and A be V(A„_i)©"l/(A„) or V(Ao)©"l/(Ai) 
for the case of Dl^\ 

Let ^(z) be the intertwiner ^^r^"^" ^^^"^ ^ ^^^^ ® ^ ^^"^ 
and ^{z) be " © ^I^''"^""' (^) or ^J^''"^' (^) © ^J!''"^" ^ intertwiner from 

A to ri^^ A. 

Theorem 2.1. ^{z) satisfies the following commutation relations, 

(A) F{zi/Z2)^\zi)^\z2) = G{zi/z2)PR^^''\zi/z2)^\z2)^\zi) + FS{ziC/z2), 

when A is A^ or A^_i ® A„; 

(B) 
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when A is Aq © Ai. 

/r) i\ Piy^ — ^ ' ^ )oo(9 ^ ; ^ )oo 

G{z)=p{z)F{z), 

P is the permutation operator, the matrix R^^'^\z\/ z^) is defined for Bn^ and 
Dn^ respectivel as in Section 1, and F is a nonzero vector in the one dimensional 
invariant subspace under the action of the subalgebra Uq{Q) generated by Cj, /j and 
ti, i ^ respectively. 

In this theorem, Zi are formal variables and the functions on two sides have differ- 
ent expansion directions. Because the infinite formal power expansion is involved, 
we define two operators to be equal if the action of these two operators coincide on 
any vector in A. 

Proof. The proof is basically the same as in the case of [Di] . First, we look at the 
matrix coefficients corresponding to the highest weight vectors of the two sides of the 
equalities above. With the precise expression of the correlation functions, we can see 
clearly that the left hand side is in the form of polymonials of zi / Z2 over {l—zi$, jz-i). 
With Theorem 1.1 in the last section, it is clear that the first term of the right hand 
side is the same as that of the other side, but in a different expansion direction. 
If we move the first term of the right side to the left hand side, we can explicitly 
calculate to show that this equality is valid. So we can prove that this statement is 
true for the coefficients corresponding to the highest weight vectors. However, we 
also know that Fb{z\^l z-i) and [zij z-if-l'^Fbizx^j z-i) are invariant under the action 
of the quantum affine algebra, due to the fact that F becomes an invariant subspace 
when zxi = zi and 5(2i/22)/(^i, ^2)= ^{zxlz'2)f{zx,z\)^^{zxlz-2)f{zi.,z-i) for any 
polymonial f{zi,Z2). Then, we know that F5{zi^/z2) and {zi/z2y^'^F5{zi^/ Z2) 
are also intertwiners. So we can use the quantum affine algebra action to prove 
that this equality is valid for any matrix coefficient. Thus we prove the equality. 

Definition 2.1. Quantum affine Clifford algebra ofZ-type is an associative algebra 
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^(z) = S^\E'i(m)^~"^ ® Ei, where Ei is a base for V^^\ Then relations are 
(2.2) F{zi/z2)^{z2)^{zi)^G{zi/z2)R^^'^\zi/z2)P'^{zi)^{z2)+F5{zii/z2). 

Here F{z) and G{z) are the same as defined above. P is the permutation operator 
and R^^'^^ are on respectively. 

Definition 2.2. Quantum afftne Clifford algebra of Z + 1/2-type is an associative 
algebra generated by ^'j(m), ieJ, meZ+1/2, where J is defined in the Section 
1 with N = 2n. Let ^{z) = T,m,^i{'m)z~'^ <S) Vi. Then relations are 
(2.3) 

F(^l/^2)*(-S2)*(^l) =G(^lA2)i2^'''^P(-SlA2)*(-Sl)*(^2) + (-SlA2)'/'F5(-Sl^A2). 

Here F{z) and G{z) are the same as defined above. P is the permutation operator 
and R^^'^^ are on C^"' only. 

In some sense, the algebras defined above are not rigorously defined, due to the 
fact that infinite expansions are involved. However, those definitions makes sense, 
if we look at a representation of this algebra on a space generated by one vector 
such that the operators of positive degrees are annihilators of this vector. We can 
also use the specific base as in [DvO] to specify those relations to define an ordered 
base, with which we can define an inverse limit type topology. 

Theorem 2.2. Quantum affine Clifford algebra ofL-type is isomorphic to the alge- 
bra generated by ^{z) for corresponding cases of type (A). Quantum affine Clifford 
algebra of 'Z + 1/2-type is isomorphic to the algebra generated by ^{z) for corre- 
sponding cases of type (B). 

Clearly what we really have to show here is that ^{z) gives faithful represen- 
tations of those algebras, or we can say that all the relations between $j(n) are 
included in the commutation relations (A) or (B). 

Proof. The proof is basically the same as in [Di]. We can use the base as in 

[DvO] to derive a specific basis for those quantum Clifford algebras, where the key 

^(i-iA) _ 
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the generators that wiU show that this algebra has the wedge type character. By- 
comparing characters, we can show that it is a faithful representation. 

Let ^*{z) = {C^^ <S> id) ■ ^{z^~^). The locations of the poles of the correlation 
functions of ^'^{zi)^*^{z2) clearly do not include the line ziq'^ = z^- Prom the 
commutation relations and the condition that |g| < 1, the multiplication of $*(^) 
and ^{z(^) are well defined. Let z e J, be the base of V^'^^ as defined in 
Section 1 and E* be its right dual base. Thus we can say that {D i)^*E* ® Ei = 
(1 (g) 1 (g) D-^){1 (g) ^{zq'^))^*{z) is weU defined. Here ^{z) = T,Ei (g) ^i{z) and 
$*(^) = E£;*(g)$i(^). 

Let £(-z)=(l (g) ^{zq'^))^*{z). From [KKMMNN] , we know that F^^) (g) A, are 
irreducible. This shows that the dimension of space of operators X : V^^^ (g) A — > 
Vq2 (g) A, which satisfy the relation : 

(2.4) XA{a) = {Dl (g l)A(a)X, 

is 1 for the case of B^n'^ and 2 for the case of D^n\ Due to our normalization, it 
turns out that for the case of Dn \ those two constants are the same, which can be 
determined by looking at their actions on the highest weight vectors. 

Theorem 2.3. 

(2.5) Z{z) = c{D, ® 1)£, 

where c = — tr(t;o £(i)fo) — ^° ^ highest weight vector of A. 

We can remove the c in the formula above by normalizing $(^) and ^*{z) again. 

Combining all the results above, it is clear that we can start from abstract algebra 
as in Definition 2.1 and 2.2, define the Fock space, which is generated by operators 
of negative degree and some zero degree operators, then the action of 2, can be 
derived. This gives the quantized spinor representations, which degenerate into 
classical constructions in [FF]. 

In [Di] , we derive commutation for the quantized affine Clifford algebras coming 
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coincide. It is interesting to compare those two algebras, which we beheve are ba- 
sically the same. In [B], one type of our spinor representations was obtained using 
vertex operator construction. It will be interesting to compare our constructions 
with that in [B], which should lead to another version of quantum Boson- Fermion 
correspondence, for which the result in [JKK] will be very useful. As we explain 
in the introduction, with the knowledge of corresponding q-KZ equations, we ex- 
pect that all the constructions in [FF] can be derived in the same way. On the 
other hand, the further development of our theory should lead to the theory of 
quantization of vertex operator algebras[FLM], for which our new algebras should 
provide the proper example, which is closely related to the theory of formal factors 
in massive quantum field theory [Sm]. By now, our methods are used to construct 
representations, which are deformation of certain classical constructions. We do 
not know if it is possible to use this type of algebraic constructions to obtain rep- 
resentations, which are not known for the classical cases. 

Acknowledgments I would like to thank Professor M. Okado for his discussion 
and advice, especially for Theorem 1.1, which I should attribute to him. 



15 



References 

[B] D. Bernard, Lett. Math. Phys. 165 (1989), 555-568. 

[DO] E. Date and M. Okado, Calculation of excitation spectra of the spin model related with the 
vector representation of the quantized affine algebra of type An \ Int. J. of Mod. Phys. A 9 
No. 3 (1994). 

[DvO] E. Davies and M. Okado, Excitation spectra of spin models constructed from quantization 
affine algebras of type B^^\ dI^\ |hep-th/9506201 . 



[DFJMN] B. Davis, O. Foda, M. Jimbo, T. Miwa and A. Nakayashiki, Diagonalization of the XXZ 

Hamiltonian by vertex operators, CMP 151 (1993), 89-153. 
[Di] J. Ding, Spinor representations of Uq{Ql{n)) and qunatum Boson-Fermion correspondence, 



RIMS-1043, |q-alg/9510014 



[DF] J. Ding, I. B. Frenkel, Isomorphism of two realizations of quantum affine algebra Uq{Ql{n)), 

Communication in Mathematical Physics 156 (1993), 277-300. 
[DF2] J. Ding and I. B. Frenkel, Spinor and oscillator representations of quantum groups, in: 

Lie Theory and Geometry in Honor of Bertram Kostant, Progress in mathematics 123 

(Birkhauser, Boston 1994). 
[Dl] V. G. Drinfeld, Hopf algebra and the quantum Yang-Baxter Equation, Dokl. Akad. Nauk. 

SSSR 283 (1985), 1060-1064. 
[D2] V.G. Drinfeld, Quantum Groups, ICM Proceedings, New York, Berkeley (1986), 798-820. 
[D3] V. G. Drinfeld, New realization of Yangian and quantum affine algebra, Soviet Math. Doklady 

36 (1988), 212-216.. 

[FRTl] L. D. Faddeev, N. Yu Reshetikhin and L. A. Takhtajan, Quantization of Lie groups and 
Lie algebras, Yang-Baxter equation in Integrable Systems. (Advanced Series in Mathematical 
Physics Vol. 10) (World Scientific 1989), 299-309.. 

[FF] A.J. Feingold, LB. Frenkel, Classical affine Lie algebras, Adva. Math. 56 (1985), 117-172. 

[FIJKMY] O. Foda, H. lohara, M. Jimbo, R. Kedem, T. Miwa and H. Yan, Notes on highest weight 
Modules of the Elliptic Algebra 2tp,q(SZ2), To appear in Quantum Field Theory, Integrable 
Models and Beyond, Supplements of Progr. Theort. Phys., Eds. T. Inami and R. Sasahi.. 

[F] I. B. Frenkel, Spinor representation of affine Lie algebras, Proc. Natl. Acad. Sci. USA 77 
(1980), 6303-6306.. 

[Fl] I. B. Frenkel, Two constructions of affine Lie algebra representations and boson-fermion 
correspondence in quantum field theory, J. Funct. Anal. 44 (1981), 259-327. 

[FLM] I. B. Frenkel. J. Lepowsky and A. Meurman, Vertex Operator Algebras and the Monster, 
Academic Press, Boston (1988). 

[FK] I. B. Frenkel and V. G. Kac, Basic representations of affine Lie algebras and Dual Resonance 
Model, Invent. Math. 62 (1980), 23-66. 

[FJ] I. B. Frenkel, N. Jing, Vertex representations of quantum affine algebras, Proc. Natl. Acad. 
Sci., USA 85 (1988), 9373-9377. 

[FR] LB. Frenkel, N.Yu. Reshetikhin, Quantum affine algebras and holomorphic difference equa- 
tion. Comm. Math. Phys. 146 (1992), 1-60. 

[G] H. Garland, The arithmetic theory of loop groups, Publ. Math. IHES 52 (1980), 5-136. 

[H] T. Hayashi, Q-analogue of Clifford and Weyl algebras - spinor and oscillator representation 
of quantum enveloping algebras. Comm. Math. Phys. 127 (1990), 129-144. 

[Jl] M. Jimbo, A q-difference analogue ofU{Q) and Yang-Baxter equation, Lett. Math. Phys. 10 

(1985) , 63-69. 

[J2] M. Jimbo, A q-analgoue of Uq{Ql{n -{-!)) , Hecke algebra and the Yang-Baxter Equation, Lett. 

Math. Phys. 11 (1986), 247-252. 
[J3] M. Jimbo, Quantum R-matrix for the generalized Toda systems, Comm. Math. Phys. 102 

(1986) , 537-548. 

[J4] M. Jimbo, Introduction to the Yang-Baxter equation.. International Journal of Modern Physics 

A 4, No. 15 (1990), 3758-3777. 
[JMMN] M. Jimbo, K. Miki, T. Miwa and A. Nakayashiki,, Correlation functions of the XXZ 

model for A < -I,, Phys. Lett. A 168 (1992), 256-263. 
[JKK] N. Jing, S. Kang and Y. Koyama, Vertex operators of quantum affine algebra Dn \ to 

appear in CMP. 

[Ka] V. G. Kac, Infinite dimensional Lie algebras, 3rd ed., Cambridge University Press, Cam- 



16 



[KP] V. G. Kac and D. H. Peterson, Spinor and wedge representations of infinite- dimensional Lie 

algebras and groups,, Proc. Natl. Acad. Sci. USA 78 (1981), 3308-3312. 
[KKMMNN] S. Kang, M. Kashiwara, K. Misra, T. Miwa, T. Nakashima and A. Nakayashiki, 

Affine crystals and vertex models, Int. J. Mod. Phys. A 7(Supp I.IA) (1992), 449-484. 
[L] G. Lusztig, Quantum deformations of certain simple modules over enveloping algebras, Adv. 

Math. 70 (1988), 237-249. 
[M] K.Miki, Creation/ annihilation operators and form factors of XXZ model, Phys. Lett. A 186 

(1994), 217-224. 
[O] M. Okado, Private communication. 

[RS] N.Yu. Reshetikhin, M.A. Semenov-Tian-Shansky, Central Extensions of Quantum Current 

Groups, Lett. Math. Phys. 19 (1990), 133-142. 
[Sm] F. A. Smirnov, Introduction to quantum groups and integrable Massive Models of Quantum 

Field Theory, Nankai Lectures on Mathematical Physics, Mo-Lin Ge, Bao-Heng Zhao(eds.), 

World Scientific (1990). 



